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Introduction (1/3): Why a toolbo x ?

LFT models can be derived in a very simple way.

Unfortunately, simple derivation methods leads to models only locally valid
or to very large orders.

LFT models are mostly useful for analysis like -analysis (stability,
performance, describing function and IQC-based analysis)

Also used for direct scheduled feedback gain design (LPV or LTI
approaches).

In both cases it is hecessary to have low order LFT models.

For accurate and low order LFT modeling a set of more or less
sophisticated tools is required.

LFTs are often embedded in standard forms (e.g. for -synthesis). In this
case complex uncertainties are also of interest. Complex uncertainties are

supported by the toolbox but ignored in this presentation.
ONERA
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Introduction (2/3): LFT definition

An LFT model looks very much like a symbolic expression in which
symbols are

the Laplace variable
uncertain real parameters
(known but) varying parameters

Modeling in LFT form (realization) consists of computing the matrices ,
s s sy : . , of the next figure.

Realization

Transfer function matrix State space representation

Realization

Symbolic expression LFT representation

ONERA
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Introduction (3/3): LFT definition

Figure 1: LFT: realization of a symbolic expression
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Generalities on the toolbox (1/3)

LFR : Linear Fractional Representation = LFT Representation.

Obijectives of the LFRT:

- Object-oriented creation and manipulation of LFRs

- Realization from symbolic representations

- Order reduction (at realization step or after realization)
- LFR approximation

- Links with other toolboxes (mu-analysis, LMI, Simulink)

- Future: scheduled control synthesis

ONERA
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Generalities on the toolbox (2/3)

System requirements:

Matlab 5, the Contr ol System Toolbo x, the Symbolic Toolbo x

On-line documentation and illustrative examples:

Almost all function has 3 help messages:
helpl , function description
help2 , illustrative example
helph , HTML help

Graphic interface:

Ifrtdemo

ONERA
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Generalities on the toolbox (3/3)

dicem - |l =)l Displays to the screen
EXAMPLES - examples of the manual
FUMCTIONS

- help1, help2, helph

READ ME |

Executes in the workspace
- examples of the manual
- help2 examples

EXECUTE/HELP|

Figure 2: The graphic interface
ONERA
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Creation of LFR-objects (1/6)

LFR-objects can be created
by defining the matrices in Figure 1 (function 1£fr)

by defining elementary objects and combining them (functions 1frs, +
, — , *,concatenation)

from uncertainty intervals (function bnds21£r)

by realization of a symbolic object (functions sym21fr, symtreed)
from a Morton like expansion (functions depl21fr, deps2lfr)

from Simulink (function sm1k21fr)

by interpolation of data on a basis of LFR-objects (function data21fr)

We shall detail points 1 and 2.
ONERA
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Creation of LFR-objects (2/6)

Creation from the matrices of Figure 1:

With and in the same block (also) denoted “ ”. (refer to Figure 1)

Creation of an LFR-object (function Ifr ):
S = Ifr(M11,M12,M21,M22,blk)

5 states
complex block
blk real uncertainty repeated 4 times
empty block
real block

non-repeated complex uncertainty
ONERA
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Creation of LFR-objects (3/6)

Creation from the combination of elementary objects:

Creation of elementary objects x, y, z (and of
1frs x y z
creates x s Y etz

The object x corresponds to:

Figure 3: Object x

) (function 1£frs)

ONERA
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Manipulation of LFR-objects (4/6)

Manipulation of objects:

The main interest of defining LFR-objects is that several operations like
addition, multiplication, powers, concatenation and so on can be simply
applied:

Example:
S = [(x+3)/(1+y) 1;ss(1,1,1,1) 31" (-1) * [1;x*y*z]

Size of an LFR-object: (function size)

lfrs x vy z
S = [(x+3)/(1+y) 1;ss(1,1,1,1) 3 (1) * [L;x*y*z]]
size(S)

Lfr-object with 2 output(s), 1 input(s) and 1 state(s).

Uncertainty blocks (globally (5 x 5)).
Block # 1 = real parameter repeated 2 time(s).
Block # 2 = real parameter repeated 2 time(s).
Block # 3 = real parameter repeated 1 time(s). ONERA
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Manipulation of LFR-objects (5/6)

Distance of two LFR-objects (function distl1fr). This in fact a lower bound

of the distance computed form (S1-S2) evaluated at random values of
dist = distlfr(S1,S2)

Normalization (function normlfr):

If x Y , Z must be replaced by variations in

x = normlfr (S, [2,3,4]1,1[7,7,7])

ONERA
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Manipulation of LFR-objects (6/6)

Star product (functions pluglfr and starplfr )

The function pluglfr
LFR-object. Example: replacey by x + z

Ifrs
S1
S2
S3

Xy Z;

permits the user to replace a parameter in by an

[X*y+1  y*(1+z)]
pluglfr(S1,2,x+z) ;

[X*(x+z)+1

distlfr(S2,S3)

The function starplfr

(x+2)*(1+2)] ;

Is a more standard star product.

ONERA
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Symbolic objects and realization (1/3)

The object-oriented approach leads naturally to realized LFTs because it
consists of combining realizations of elementary objects (refer to Ifrs).

Factorization and order reduction

It is sometimes better to consider symbolic representations when very large
systems are considered with intricate parameter dependency (if we look for a
small size of ).

Reducing the size of ’s means that we perform some factorizations, e.g.
consider

S1 = x*(1+y*(2+z))

instead of

S2 = x+2*x*y+x*y*z

Sizeof ofsl1=3,sizeof ofs2=6.

With symbolic models, the above factorizations can be performed

automatically (to some extent). ONERA
/\
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Symbolic objects and realization (2/3)

Tools for realization

The toolbo x proposes two functions for LFR-object realization.

The r st one sym2lfr does not perform any order reduction. But it is
fast and permits the user to check the results obtained using the next
function.

The second one symtreed (corresponding to the “tree decomposition”
that is a systematic technique for polynomial matrix factorization).

The second function cannot be used directl y in the case of rational
dependenc y (an intermediate polynomial form must be derived).

ONERA

19




30-07-2002

Symbolic objects and nonlinear systems (3/3)

Symbolic objects are also useful for LFR-modeling of the set of linearized
models of a nonlinear system:

The symbolic vectors and can be differentiated. Then, using sym21£fr or
symtreed , we obtain

(denoted abcd), it remains to compute the input/output equivalent transfer
function matrix using abcd21fr

S

abcd21fr (abed, n)

Alternative approach: There exists a function for differentiating LFR-objects.

For example we can differentiate the LFR-object forms of and (function
difflfr). This approach is less powerful because it does not use reduction
technique (“tree decomposition™). ONERA
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Order reduction (1/4): List of techniques

At the realization step

Morton’s approach (functions depl2lfr and deps2lfr ).
The “tree decomposition” (function symtreed ).

After realization

technique: each parameter of is sequentially considered as
being “ 7 (the other inputs/outputs of the -block are considered as
additional inputs/outputs of the system) then, minreal , is applied
sequentially (function minlfrl ).

technique: generalized Kalman decomposition, non-controllable
and non-observable states are removed. This is the most efficient
technique (function minlfr ).

Generalized Gramian approach. Theoretically equivalent to the
technique. But very bad from a humerical point of view (function

approxifr ). ONERA
/\
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Order reduction (2/4): Commutativity

Order reduction and commutativity of parameters

The main drawback common to the last three techniques (reduction after
realization) is that “system similarity” is used instead of “input-output
equivalence” . It results that commutativity is ignored. For example:

is input-output equivalent to but is not system similar.

So, cannot be considered as similar to 0!

Conclusion: the last three techniques ignore commutativity for factorizations
behind order reduction.

ONERA
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Order reduction (3/4): Complementarity

Complementarity of the most efficient techniques

reducesto 0

cannot factorize
2 parameters

? techn. techn. tree decomp.
minlfrl minlfr symtreed
a*b-b*a NO NO
reduces to 0 ignore ignore
commutativity | commutativity
1/(1+a+b) - 1/(1+a+b) NO NO

intermediate
polynomial form

simultaneously required
a*c+a*d+b*c+b*d NO
reduces to only elementary
(a+b)*(c+d) factBrLz&tilgllg\s
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Order reduction (4/4): Recommendation

Recommended combination of techniques

The technique is always better than the one.

For better order reduction the “tree decomposition” and the
technique must be combined. Use the “tree decomposition” for realization (if
polynomial dependency) then use the technique.

Even better: build step by step the system by using the above combination
of techniques for each component of the system. At each step reduce order
but also consider approximations (next section).

Do not normalize parameters before using the tree decomposition because
= which is of
order 4 instead of 2 in the non-normalized case ( )-

ONERA
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Approximations (1/3): Discussion

There are several ways for computing approximate LFT models. The
Gramian-based approach has a good mathematical justification. Poor results
in practice.

The Morton’s, and techniques involve some rank conditions, by
the way, some tolerance parameters are used as limits for rank deficiency. If
these tolerance parameters are augmented , these techniques become
heuristic approximation tools.

More heuristic techniques can be considered, for example using engineering
knowledge. For instance, some parameter dependencies arising from
physical equations might be simplified or even ignored. Such simplifications
might also result from Montecarlo analysis

However, there is no a priori guarantee that these approximations are valid.
This remark justifies the necessity of having tight bounds of approximation

rs . This problem i r now.
errors s problem is addressed no ONERA
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Approximations (2/3): Approximation error bounds

Let us consider a non-dynamic LFT with normalized real repeated

uncertainties, the Lft is bounded for all in the unit ball.

An artificial system , with real, is defined:

This system is an LFT with uncertainty matrix . For varying from to
The minimum value of over the unit ball is the first value of at
which
The maximum value of over the unit ball is the last value of at

/—\
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Approximations (3/3) : Approximation error bounds

This artificial analysis is used
for finding minimum and maximum
values of

Here,

Approximation error modeling: re-
place by
: in which

Approximations and definition of compensation parameters can be
considered at any steps of the modeling process.

ONERA
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Conclusion

Download the toolbo x!
Toolbo x and manual available at;

http://www .cert.fr/dcsd/idco/p erso/Magni/b ooks andtb.html
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